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Abstract 

In this paper, we deal with soft MTL-algebras based on fuzzy sets. By means 
of £-soft sets and q-soft sets, some characterizations of (Boolean, G- and MV-) 
filteristic soft MTL-algebras are investigated. Finally, we prove that a soft set is 
a Boolean filteristic soft MTL-algebra if and only if it is both a G-filteristic soft 
MTL-algebra and an MV-filteristic soft MTL-algebra. 
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1 Introduction 

To solve complicated problems in economics, engineering, and environment, 
we cannot successfully use classical methods because of various uncertainties 
typical for those problems. There are three theories: theory of probability, 
theory of fuzzy sets, and the interval mathematics which we can consider as 
mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties. Uncertainties cannot be handled using traditional math- 
ematical tools but may be dealt with using a wide range of existing theories 
such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague 
sets, theory of interval mathematics, and theory of rough sets. However, all of 
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these theories have their own difficulties which have been pointed out in [T5] . 
Maji et aL [M] and Molodtsov [15] suggested that one reason for these diffi- 
culties may be due to the inadequacy of the parametrization tool of the theory. 
To overcome these difficulties, Molodtsov [T3] introduced the concept of soft 
set as a new mathematical tool for dealing with uncertainties that is free from 
the difficulties that have troubled the usual theoretical approaches. Molodtsov 
pointed out several directions for the applications of soft sets. At present, re- 
search on the soft set theory is progressing rapidly. Maji et al. |13] described 
the application of soft set theory to a decision making problem. They also 
studied several operations on the theory of soft sets. The algebraic structure of 
set theories dealing with uncertainties has been studied by some authors. The 
most appropriate theory for dealing with uncertainties is the theory of fuzzy 
sets developed by Zadeh [181 El]- Jun [6] applied the notion of soft sets by 
Molodtsov to the theory of BCK/BCl-algebras, and introduced the notions of 
soft BCK/BCI-algebras, and then investigated their basic properties [7j. Aktas 
et al. [T] studied the basic concepts of soft set theory, and compared soft sets 
to fuzzy and rough sets, providing some examples to clarify their differences. 

The interest in foundation of Fuzzy Logic has been rapidly recently and 
several new algebras playing the role of the structures of truth values has been 
introduced. Hajek introduced the axiom system of basic logic (BL) for fuzzy 
propositional logic and defined the class of BL-algebras (see [S]). The logic MTL, 
Monoidal t-norm based logic was introduced by Esteva and Godo [3] . This logic 
is very interesting from many points of view. From the logic point of view, it 
can be regarded as a weak system of Fuzzy Logic. In connection with the logic 
MTL, Esteva and Godo [3] introduced a new algebra, called a MTL-algebra, 
and studied several basic properties. In the same times independently were 
introduced in [3] weak-BL algebras as commutative weak-pseudo-BL algebras. 
MTL-algebras and weak-BL algebras are the same algebras. 

Based on the fuzzy set theory, Kim et al. in [9] studied the fuzzy structure 
of filters in MTL-algebras. As a continuation of the paper [5], Jun et al. [5] 
gave characterizations of fuzzy filters in MTL-algebras and investigated further 
properties of fuzzy filters in MTL-algebras. The other important results can be 
found in [T71I20]- 

The idea of quasi-coincidcnce of a fuzzy point with a fuzzy set, which was 
mentioned in [16j, played a vital role to generate some different types of fuzzy 
subsets. It is worth pointing out that Bhakat and Das [2] initiated the concepts 
of (a, /3)-fuzzy subgroups by using the "belongs to" relation (g ) and "quasi- 
coincident with" relation (q) between a fuzzy point and a fuzzy subgroup, and 
introduced the concept of an (e, G V q)-fuzzy subgroup. In fact, the (e, G V q)- 
fuzzy subgroup is an important generalization of Rosenfeld's fuzzy subgroup. It 
is now natural to investigate similar type of generalizations of the existing fuzzy 
subsystems of other algebraic structures. With this objective in view, Ma et al. 
[TUl [TTl \TI\ discussed some kind of generalized fuzzy filters of MTL-algebras. 

In this paper, we deal with soft MTL-algebras based on fuzzy sets. In Sec- 
tion 2, we recall some basic defnitions of MTL-algebras. In Section 3, we discuss 
the characterizations of filteristic soft MTL-algebras. In Section 4, we divide 
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into three parts. In Subsection 4.1, we investigate some characterizations of 
Boolean filteristic soft MTL-algebras. Some properties of MV- and G-filteristic 
soft MTL-algebras are invetigated in Subsection 4.2 and 4.3, respectively. Fi- 
nally, we prove that a soft set is a Boolean filteristic soft MTL-algebra if nd 
only if it is both a G-filteristic soft MTL-algebra and an MV-filteristic soft 
MTL-algebra. 

2 Preliminaries 

By a commutative, integral and bounded residuated lattice we shall mean a 
lattice L = (L, <, A, V, 0, — 0, 1) containing the least element and the largest 
element 1^0, and endowed with two binary operation (called product) and 
— >■ (called residuum) such that 

(1) is associative, commutative and isotone, 

(2) Va; e L, X 1 = a;, 

(3) the Galois correspondence holds, that is, 

Vx, y,z€L,xQy<z<^x<y^z. 

In a commutative, integral and bounded residuated lattice, the following are 
true (see [17]): 

(1) x<y^x^y = l, 

(2) x = 1, 1 ^ X ^ X, X ^ {y x) ^ 1, 

(3) y <{y ^ x) ~> X, 

(4) a; — > (y — !• z) = (a; y) — > z = y — > (.T — S> z), 

(5) a; ^> y < (z ^ a;) — !> (z — > y), a; y < (y — > z) — > (x — )■ z). 

Based on the Hajek's results ^5,, Axioms of MTL and Formulas which are 
provable in MTL, Esteva and Godo [3] defined the algebras, so called MTL- 
algebras corresponding to the MTL-logic in the following way: 

A MTL-algebra is a commutative, integral and bounded residuated lattice 
L = (L, <, A, V, 0, — >, 1) satisfying the pre-linearity equation: 

(a; y) V (y ^ a:) = 1. 

In a MTL-algebra, the following are true: 

(1) a; (y V z) = (a; y) V (a; -> z), 

(2) xQy < X Ay, 

(3) x' = x'", X < x", a;' a; = 0, 

(4) if a; V a:' 1, then a; A a;' = 0, 
where a;' = a; — !■ 0. 

Throughout this paper, L is a MTL-algebra unless otherwise specified. 
We cite below some notations, definitions and basic results which will be 
needed in the sequel. 
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A non-empty subset A of L is called a filter of L if it is closed undet the 
operation and for every x & A, x < y implies y £ A. It is easy to check that 
a non-empty subset A of L is a filter of L if and only if 1 G A and for all x G A 
from a; — > y G A it follows y E A. 

A filter A of L is called: 

• a Boolean filter if a; V x' G A for any x £ L, 

• a G-filter ilxQix-^y£A^x^y£A for any x,y £ L, 

• an MV-filter if x — > y G A {{y x) x) y £ A for any x,y £ L. 

We now review some fuzzy logic concepts. A fuzzy set of L is a function 
/i : L [0,1]- 

Now, we recall some the following concepts and results in [51 1^ 

Definition 2.1. A fuzzy set /i of L is called a fuzzy filter of L if 
(Fl) y) > min{/j,(x), /^(y)} for all x,y £ L, 

{F2) it is order-preserving, that is, a; < y mI^^) ^ f^iv) foi' x,y £ L. 

Theorem 2.2. A fuzzy set ^ of L is a fuzzy filter of L if and only if 

(Fi) fi{l)>^iix), 

(FA) fi{y) > min{^(a; ~> y),f^{x)} 
is satisfied for all x,y £ L. 

Definition 2.3. A fuzzy filter /i of L is called a fuzzy Boolean filter of L if 
^{x V a;') = holds for all x £ L. 

Theorem 2.4. Let /i be a fuzzy filter of L, then the following are equivalent: 
(i) ^ is Boolean, 

(a) fi{x z)> min{^(a; -> (z' y)), fi{y z)}, 
(Hi) ^{x) > ^ y) — > x). 

Definition 2.5. A fuzzy filter /i of i is called 

• a fuzzy MV-filter if fi{x -> y) > M(((y — !• a;) ^ a;) — y), 

• a fuzzy G-filter if a; ^> y) > — )■ y) 
for all x,y £ L. 

3 Filteristic soft MTL-algebras 

Molodtsov [15 defined the soft set in the following way: Let U be an initial 
universe set and £^ be a set of parameters. Let ■P(C/) denotes the power set of 
U and Ac E. 

A pair A) is called a soft set over U, where -F is a mapping given by 
F -.A^ V{U). 

In other words, a soft set over [/ is a parameterized family of subsets of the 
universe U . For e £ A, F{e) may be considered as the set of e-approximate 
elements of the soft set [F. A). 
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Definition 3.1. Let (F, A) be a soft set over L. Then {F, A) is called a filteristic 
soft MTL-algebra over L if F{x) is a filter of L for all x £ A, for our convenience, 
the empty set is regarded as a filter of L. 

Example 3.2. Let L = [0, 1] and define a product © and a residuum — >■ on L 
as follows: 



for all x,y £ L. Then L is an MTL-algebra. 

Let {F,A) be a soft set over L, where A = (0, 1] and F : A -)■ V{L) be a 
set-valued function defined by 



Thus, F{x) is a filter of L for all x €: A, and so {F,A) is a filteristic soft 

MTL-algebra over L. 

For a fuzzy set ji in any MTL-algebra L and A C [0, 1] we can consider two 
set-valued functions 



Fq:A^V{L), t^{xeL\xtq.tJL\. 

Then {F,A) and {Fq,A) are called an G-soft set and q-soft set over L, re- 
spectively. 

Theorem 3.3. Let ^ he a fuzzy set of L and let {F, A) he an £-soft set over L 
with A = (0, 1] . Then {F, A) is a filteristic soft MTL-algehra over L if and only 
if fj, is a fuzzy filter of L. 

Proof. Let ^ be a fuzzy filter of L and t £ A. li x £ F{t), then Xt e fi, and so 
It S fi, i.e., 1 G F{t). Let x,y G L he such that x,x ^ y £ F{t). Then Xt G ^ 
and (x -7> y)t S /x, and so ymin{t.t} = ?y/ £ /i- Hence y G F{t). This proves that 
{F, A) is a filteristic soft MTL-algebra over L. 

Conversely, assume that {F, A) is a filteristic soft MTL-algebra over L. If 
there exists a E L such that < /i(a), then we can choose t G A such 

that /i(l) < t < fi{a). Thus, ItG^, i.e., lGF{t). This is a contradiction. 
Hence, > fj,{x), for all x G L. If there exist a,b G L such that < 

s < min{/x(a — > &),/x(a)}. Then (a — >■ 6)s e /it and e /u, but ^sG/x, that 
is, a — >■ 6 € F(s) and a € F{s), but bGF{s), contradiction, and so, iJ,{y) > 
min{/i(a; — > y),n{x)}, for all x,y G L. Therefore, /x is a fuzzy filter of L. □ 





if 0<x< 0.5, 
if 0.5 < a; < 0.6, 
if 0.8 < a; < 1. 



F : A^ r{L), t^ {xGL\xtG n} 



and 
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Theorem 3.4. Let jj, he a fuzzy set of L and {Fq^A) a q-soft set over L with 
A = (0, 1]. Then the following are equivalent: 

(i) /i is a fuzzy filter of L, 

(ii) yt (z A each non-empty Fq(t) is a filter of L. 

Proof Let ^ be a fuzzy filter of L and let Fq{t) ^ for any t e A. If l£Fq{t), 
then Itg/i, and so ^{1) + t < 1. Then ij,{x) + t < + i < 1 for all x e L, and 
so Fq{t) = 0, contradiction. Hence 1 G Fq{t). 

Let x,y ^ Lhe such that x y £ Fq{t) and x G Fq{t). Then (x — > y)tqfJ' 
and xtqfJ-, or equivalently, /i(a; — >■ y) + i > 1 and fJ-{x) + t > 1. Thus, 

+ t > min{/i(x — ?> y), /i(x)} +t = min{/i(a; — > y) + + t} > 1, 

and so ytg^, i.e., ?/ G -Fg(i). Hence is a filter of i. 

Conversely, assume that the condition (ii) holds. If < fi{a) for some 
a & L, then < 1 < fi{a)+t for some t e A. Thus, atqfi, and so i^g(t) ^ 0. 

Hence 1 G Fq{t), and so IfQ/i, i.e.,/i(l)+t > 1, contradiction. Hence > ^{x) 
for all X £ L. 

If there exist a,b £ L such that /i(6) < min{/i(a — > b), /i(a)}. Then 

+ s < 1 < min{/i(a — > 6),/i(a)} + s 

for some s £ A. Hence (a — ?► b)sq^ and a^g/i, i.e., a — ?• 6 e ^"^(s) and a G Fq{s). 
Since Fg(s) is a filter of L, we have b G -Fg(s), and so bgqfi, that is, /^(fo) + s > 1, 
contradiction. Hence fj.{y) > min{/i(x — y), /i(a;)}, for all x,y £ L. Therefore ^ 
is a fuzzy filter of L. □ 

Definition 3.5. A fuzzy set /i of i is an (g, G V q)- fuzzy filter of L if for all 

x,y £ L it satisfies: 

{F5) > mm{n{x),0.5}, 

{F6) fi{y) >mm{fi{x ^ y),fi{x),0.5}. 

Theorem 3.6. Let fi be a fuzzy set of L and (F, A) be an G-soft set over L with 
A — (0,0.5]. Then the following are equivalent: 

(i) fi is an (g, G V q)-fuzzy filter of L, 

(ii) {F, A) is a filteristic soft MTL-algebra over L. 

Proof. Let be an (g, G Vq)-fuzzy filter of L. For any t G A, we have > 
min{/z(x), 0.5} for all x G F{t) by Dcfinition l3.5l Hence > min{/i(a;), 0.5} > 
min{t,0.5} = t, which implies. It G /i, and so 1 G F{t). If x — s> y G F{t) and 
X G F{t)^ then {x — > y)t G /i and Xt G /i, that is, /i(.T y) > t and /^(x) > i. 
Now, by {F6), we have 

fj,{y) > min{/i(x — > y), /i(x), 0.5} > min{t,0.5} = t, 

which implies, yt G /i, and so y G F{t). Thus, {F,A) is a filteristic soft MTL- 
algebra over L. 

Now assume that the condition (ii) holds. If there exists a E L such that 
< min{/i(a), 0.5}, then < t < min{/i(a), 0.5} for some t G A. It 
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follows that liS^, i.e., l£F{t), contradiction. Hence > niin{/i(a:), 0.5} for 
all X G L. If there exist a,b G L such that < min{^(a — >■ b), /i(a), 0.5}, then 
taking t — ^{n{b) + min{/i(a b), /x(a), 0.5}), we have t & A and 

< t < min{/i(a 6), /x(a), 0.5}, 

which implies, a ^ b E F{t),a E F{t), but b'EF{t), contradiction. It follows 
from Definition 13.51 that /i is an (g, GVq)-fuzzy filter of L. □ 

Definition 3.7. 10 A fuzzy set /i of L is called an {e,'£ V q)-fuzzy filter of L 
if and only if for x,y G L it satisfies: 

(F7) max{/i(l),0.5} > ^i{x), 

(F8) max{/i(?;), 0.5} > min{/i(a; — > n{x)}. 

Theorem 3.8. Let fi be a fuzzy set of L and (F, A) be an G-soft set over L with 
A = (0.5, 1]. Then the following are equivalent: 
(i) /i is an W q)- fuzzy filter of L, 

(ii) {F, A) is a filteristic soft MTL-algebra over L. 

Proof. Let ^ be an Ce, 'e Vg)-fuzzy filter of L. For any t £ A, by Definition l3.7[ we 
have^(a;) < max{/^(l), 0.5} for ah a; e F{t). Thus, t < ^{x) < max{^(l), 0.5} = 
which implies It G fi, i.e., 1 G F{t). 
Let x,y € L he such that x ^ y G F{t) and x G F{t), then {x y)t E fJ. 
and Xt G /i, i.e., fi{x y) > t and /i(a;) > t. It follows from Definition 13.71 that 

t < min{^(a; y),n{x)} < max{/i(y), 0.5} = fi{y), 

which implies, yt G /i, i.e., ?/ G F{t). Hence F{t) is a filter of L for all t E A, 
and so (i^, ^) is a filteristic soft MTL-algebra over L. 

Now, assume that (i^. A) is a filteristic soft MTL-algebra over L. If there 
exists a G i such that /Li(a) > max{/^(l), 0.5}, then /x(a) >t> max{/i(l), 0.5} 
for some t G A, and so /Lt(l) < t. Thus, iG^F(a). Contradiction. Hence < 
max{/i(l), 0.5} for all a; G L. If there exist a,b E L such that min{/i(a — ;> 
6),/i(a)} > t > max{/i(fe), 0.5} for some t € A, then (a 6)( and a* are in ^. 
But 6t'G/i, therefore a — !■ 6, a G F{t). This is a contradiction since b€F{t). It 
follows from Definition 13.71 that /i is an Cg, ^ V g)-fuzzy filter of L. □ 

Next, we give the following two important results by g-soft sets. 

Theorem 3.9. Let fi be a fuzzy set of L and (Fq, A) be a q-soft set over L with 
A = (0, 0.5]. Then {Fq, A) is a filteristic soft MTL-algebra over L if and only if 
jjL is an Cg , €Wq) -fuzzy filter of L . 

Proof. Let {Fq, A) be a filteristic soft MTL-algebra over L, then Fq{t) is a filter of 
L for all t E A. If max{/i(l), 0.5} < fi{a) for some a G L, then max{/Lt(l), 0.5} + 
t < 1 < /i(a) + t for some t G A. Thus, ItqfJ-, which is impossible. Hence 
max{/z(l), 0.5} > fi{x) for all x & L. 

If there exist a,b £ L such that max{/i(fe), 0.5} < min{/i(a — s> 6),/i(a)}. 
Then max{/i(6), 0.5} + s < 1 < min{/i(a — > fe), /i(a)} + s for some s G A. Hence 
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(a — >■ b)sqfJ' and asQfi, i.e., a — > 6 G i^q(s) and a e ^"5(5). Since Fg(s) is a 
filter of L, we fiave b G Fq{s), and so fo^g/^, that is, + s > 1, contradiction. 
Hence max{/x(j/), 0.5} > min{/i(x — j/), /Lt(a;)}, for all x,y ^ L. Therefore /i is 
an (g, S V g)-fuzzy filter of L. 

Conversely, let n be an (g^, G^Vq)-fuzzy filter of L. For any t E A. By Defini- 
tion l3.71 we have fj,(x) < niax{^(l), 0.5} for all a; G Fq{t), and so max{/x(l), 0.5}+ 
t > ii{x) +t>l. Hence + i > 1, that is, 1 G Fq{t). Let a;, y G L be such 
that X ^ y iz Fq{t) and x G Fq{t). Then {x —> y)t<Z/^ and a;fg/i, or equivalently, 
^{x y) + t> 1 and ijl{x) + 1 > 1. By Definition 13. 7| we have 

max{/i(y), 0.5}+t > min{/i(x — ?> y), /i(x)}+t = min{/i(x — ?> y)+t, ^{x)+t} > 1, 

and so j/t9Mi i-^., 2/ G Fq{t). Hence Fq{t) is a filter of L, and so {Fq,A) is a 
filteristic soft MTL-algebra over L. □ 

Theorem 3.10. Let /i 6e a fuzzy set of L and (Fq,A) be a q-soft set over L 
with A = (0.5,1]. Then {Fq,A) is a filteristic soft MTL-algebra over L if and 
only if fi is an (g, q}- fuzzy filter of L. 

Proof. Let {Fq,A) be a filteristic soft MTL-algebra over L. Then Fq{t) is a 
filter of L for all t A. If /^(l) < min{/i(a), 0.5} for some a E L, then /i(l) + 
t < \ < min{/i(a), 0.5} + t for some t E A. Thus, It^/i, contradiction. Hence 
> min{/i(a;), 0.5} for all x G L. 
If there exist a,b L such that < min{/i(a — > fe), /i(a), 0.5}. Then 
fi{b) + s < 1 < min{^(a b), fJ.{a), 0.5} + s for some s € A. Hence (a — i> b)sqfi 
and Os^/i, i.e., a — > 6 G Fq{s) and a G i^g(s). Since Fq{s) is a filter of L, 
we have 6 G Fq{s), and so fes'ZM, that is, fi{b) + s > 1, contradiction. Hence 
/x(y) > min{/i(a: — !> y), /i(a;), 0.5}, for all x,y G L. Therefore /i is an (G,GVq)- 
fuzzy filter of L. 

Conversely, let /i be an (g, G V q)-fuzzy filter of L. By Definition [XH we have 
/x(l) > min{/i(a;), 0.5} for all x G Fq{t), and so //(I) + i > min{/x(x), 0.5} + t = 
min{/x(a;) + i, 0.5 + 1} > 1. Hence fi{l) + t > 1, that is, 1 G i^g(i). 

Now, let x,y G L be such that x ^ y £ Fq{t) and x G Fq{t). Then 
(x — y)tqtJ' and xtqfi, or equivalently, — )■ y) + 1 > 1 and /^(x) + i > 1. Thus 

m(2/) + ^ > min{/i(x — ;> ?/), /i(a;), 0.5} + t 

= min{^(x ^ y) +t, pi{x) + t, 0.5 + t} > 1, 

and so ytqfJ-, i.e., y G Fq{t). Hence ^^(i) is a filter of L, and consequently, {Fq^ A) 
is a filteristic soft MTL-algebra over L. □ 

Definition 3.11. For 0<Q!</3<la fuzzy set /i of i is called a /it^zy /i^ter 
wzt/i thresholds (a, /3] if for all x,y £ L: 
(F9) max{/i(l), a} > min{/i(a::), /?}, 
(FIO) max{/^(?/), a} > min{/i(x — !> y), /?}. 

Theorem 3.12. Let ^ be a fuzzy set of L. Then an Cz-soft set {F,A) over L 
with A = C (0, 1] is a filteristic soft MTL-algebra over L if and only if ^ 

is a fuzzy filter with thresholds {a, /3] . 
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Proof. Let {F, A) be a filteristic soft MTL-algebra as in Theorem. If there 
exists a £ L such that max{/i(l), a} < min{/i(a), /?}, then niax{/x(l), a} < 
t < min{/x(a), /3} for some t G (a,/?]. Thus leF(t) which is a contradiction. If 
there exist a,b £ L such that max{/i(5),a} < i < min{/i(a 6), /i(a), /3}. Hence 
(a ^ b)t & fi,at G A*. But 6tG/x, therefore a ^ e F{t),a G -F(i). This also is 
a contradiction since b'GF{t). Consequently, /i is a fuzzy filter with thresholds 
(a,/3] of L. 

On the other hand, if /i is a fuzzy filter with thresholds (a, /?], then, by (F9), 
we have max{/i(l),a} > min{/x(a;), /?} for all x e -F(i). Thus, max{^(l),a} > 
min{/z(a;), /?} > min{i,/3} = i > a, which implies, > t, i.e., 1* e /i. Hence 
1 G Let x,y € L he such that x ^ y e F{t) and x G Thus, 

{x — ^ ?;)t G /i and G /i, i.e., ^{x y) > t and > t. By (-F10), we have 
max{/i(y), a} > min{/x(a; y) , ^j.{x) , 13} > min{i, /?} = t > a, and so fj,{y) > t, 
i.e., yt G /i, and so y G F{t). Therefore, [F.A) is a filteristic soft MTL-algebra 
over L. □ 



4 Boolean (MV-, G-) filteristic soft MTL-algebras 

In this section divided in three parts we describe some types of generalized 
fuzzy filters of MTL-algebras introduced in [11]. In the first part we charac- 
terize Boolean filteristic soft MTL-algebras; in the second - G-filtersistic soft 
MTL-algebras; in third - MV-filtersistic soft MTL-algebras which are natural 
generalizations of Boolean filters, G-filters and MV-filters, respectively. Finally, 
we describe relationship between these soft MTL-algebras. 

4.1 Boolean filteristic soft MTL-algebras 

We start with the following definition. 

Definition 4.1.1. A soft set {F^A) over L is called a Boolean filteristic soft 
MTL-algebra over L if F{x) is a Boolean filter of L for all x € A. The empty 
set is treatment as a Boolean filter. 



Example 4.1.2. Consider the set L — {0, a, b, 1} with two operations defined 
by the following tables: 









a 


b 


1 


— 





a 


b 


1 




















1 


1 


1 


1 


a 





a 


a 


a 


a 





1 


1 


1 


b 





a 


a 


b 


b 





b 


1 


1 


1 





a 


b 


1 


1 





a 


b 


1 



Then (L, A, V, 0, 0, 1), where A and V are min and max operations, respec- 
tively, is an MTL-algebra. 
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Let (F, A) be a soft set over L, where A = (0, 1] and F : A ^ be a 

set-valued function defined by 

( {0,a,6,l} if 0<x<0.4, 
F{x)^l {l,a,b} if 0.4<t<0.8, 

[ if 0.8 < t < 1. 

Thus, F{x) is a Boolean filter of L for all a; G A, and so {F, A) is a Boolean 
filteristic soft MTL-algebra over L. 

The following proposition is obvious. 

Proposition 4.1.3. A Boolean filteristic MTL-algebra is a filteristic MTL- 
algebra. 

Theorem 4.1.4. Let ^ be a fuzzy set of L. Then an G-soft set {F,A) over L 
with A = (0, 1] is a Boolean filteristic soft MTL-algebra over L if and only if /x 
is a fuzzy Boolean filter of L. 

Proof. Let {F, A) an G-soft set {F, A) over L with A = (0, 1]. If it is a Boolean 
filteristic soft MTL-algebra over L, then, by Proposition 4.1.3, it is a filteristic 
soft MTL-algebra over L, and so /i is a fuzzy filter of L fTheorem l3.3l) . If there 
exist a,b,c L such that fi{a c) < s < min{/i(a — > (c' — ;> b)),^{h — c)} for 
some s G A. Then (a — 6)s/i and G /i, but bs'^n, that is, a — (c' — )• 6) G F{s) 
and 6 — c G F(s). Thus a — cG-F(s), which is a contradiction. Therefore, is 
a fuzzy Boolean filter of L. 

Conversely, if /x is a fuzzy Boolean filter of L, then it is also a fuzzy filter 
of L and, by Theorem 13. 3[ {F,A) is a filteristic soft MTL-algebra over L. Let 
x,y, z £ L he such that a; — (z' ^> y), y ^ z G -F'(i). Then (x -> (z' — > y))t G 
and (j/ — >■ z)t G /i. Hence, by Theorem 12.41 we obtain — )■ z) > min{/i(x — >■ 
(z' -S' y)), n{y z)} > t, and so x ^ z G This proves fTheorcml2.4|) that 

{F, A) is a Boolean filteristic soft MTL-algebra over L. □ 

Theorem 4.1.5. Let ji be a fuzzy set of L. If {Fq,A), where A = (0,1], is a 
q-soft set over L, then fi is a fuzzy Boolean filter if and only if each non-empty 
Fq{t) is a Boolean filter. 

Proof. Let /i be a fuzzy Boolean filter of L. Then, by Theorem 13.41 Fq{t) 
is a filter of L. Let x,y,z G i be such that x — > (z' — > y) G Fq{t) and 
y ^ z € Fq{t). Then {x — > (z' — > y))tqfJ- and (y — ?> z)tqfJ,, or equivalently, 
/x(a; (z' — > y)) + i > 1 and ij,{y — > z) + 1 > 1. Since /i is a fuzzy Boolean of L, 
we have 

— >■ z) + i > min{/i(.T — >■ (z' ^ j/)), z)} + t 

= imn{fi{x — )■ (z' — > z)) + t, /i(t/ — ?> z) + > 1, 



10 



and so {x — >■ z)tq, i.e., x ^ z E Fq{t). This proves (Theorem 12.41) that Fq{t) is 
a Boolean filter of L. 

Conversely, assume that each non-empty Fq{t) is a Boolean filter of L. Then 
is a fuzzy filter of L by Theorem 13.41 If there exist a,b,c G L such that 
/Li(a -> c) < min{/i(a (c' -> b)),^{b c)}. Then ^(a ^ c) + s < 1 < 
min{/z(a — > (c' —5- b)),fi{b c)} + s for some s € A. Hence (a — )■ (c' b))sq^ 
and (6 ^> c)sqn, but (a c)tqfi, i.e., a — (c' 6) G -F'q(s) and 5 — > c e Fq{s), 
but a —7- c'GFg(t), contradiction. Therefore /i is a fuzzy Boolean filter of i. □ 

Definition 4.1.6. An (g, G \/q)-hizzy filter ^ of L is called an (g, G \/q)-fuzzy 
Boolean filter of L if 

fi{x ^ z) > min{/i(a: {z' — > y)), — J> z), 0.5} 

holds for all X G L. 

Theorem 4.1.7. Lei ^ be a fuzzy set of L. Then an E-soft set {F,A) over L 
with A = (0, 0.5] is a Boolean filteristic soft MTL-algebra if and only if /i is an 
(G, €\/ q)-fuzzy Boolean filter of L. 

Proof. Let an G-soft set {F,A), where A = (0,0.5], be a Boolean filteristic soft 
MTL-algebra. If there exist a,b,c G L such that 

/i(a — >■ c) < min{/Lt(a — > (c' — > b)), fi{b — > c), 0.5}, 

then for ^ 

t — - {^J.{a — > c) + min{/i(a ^ (c' — > 6), — > c), 0.5}) 

we have i G A and 

fj,{a ^ c) < t < mm{fi{a -> (c' &)), c), 0.5}, 

which implies a -> (c' — > 6) G F{t) and 6 — > c G -F'(i). This is a contradiction 
since a c£F{t). So, is an (g, GVq)-fuzzy Boolean filter of L. 

Conversely, if ji is an (g, G Vq)-fuzzy Boolean filter of L, then, by Theorem 
13.61 [P: ^) is a filteristic soft MTL-algebra. Moreover, if x, y, z G L be such that 
a; -> (z' — > y) G F[t) and y ^ z e F{t) for some t E A, then ^(x — > (z' — > y)) > 
t and ii{y z) > t. Thus, 

z) > min{/i(x ^ (z' — ;> y)), — >■ z), 0.5} > min{<, 0.5} = t, 

which implies (a; — > z)t G /i, and so a; — > z G -F(i). Hence, {F,A) is a Boolean 
filteristic soft MTL-algebra over L. □ 

Definition 4.1.8. An ^ V g)-fuzzy filter of L is called an (e ,E V q) -fuzzy 
Boolean filter of L if it satisfies: 

max{fi{x — > z), 0.5} > min{/x(a; — (z' — > y)), — > z)} 

for all X E L. 
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Theorem 4.1.9. For a fuzzy set fi of L and an E-soft set {F, A) over L with 
A = (0.5, 1] the following conditions are equivalent: 

(i) fi is an \/ q)- fuzzy Boolean filter of L, 

(ii) {F, A) is a Boolean filteristic soft MTL-algebra of L. 

Proof. Let fj, be an Ce, e^Vg)-fuzzy Boolean filter of L, then fi is also an Cg, 'EVq)- 
fuzzy filter of L and, by Theorem 13.81 ^) is a filteristic soft MTL-algebra. 
Let x,y, z € L he such that x ^ {z' ^ y) G F{t) and y ^ z € F{t) for some 
t IE A, then [x — > [z' y))t G /i and [y — > z)t G i.e., ^{x — > [z' — > y)) > t 
and — z) > i. Thus, 

t < min{/i(a; — (z' — > j/)), /x(y — > z)} < max{/i(x — z), 0.5} = fi{x z), 

which implies {x — > z)( G fi, i.e., x — > z G Hence F{t) is a Boolean filter 

of L, and so {F,A) is a Boolean filteristic soft MTL-algebra over L. 

Conversely, assume that {F, A) is a Boolean filteristic soft MTL-algebra over 
L. If for some t G A there exist a,b,c G L such that 

min{/i(a — > {c —5- b)),fi{b c)} >t> max{/i(a — c),0.5}, 

then (a — s> (c' — > c))4 G /i and (6 c)t E ^ but (a — > c)tEfJ,. This means that 
a (c' 6) G -F(i), 6 c G F{t), but a — > cEF{t), which is a contradiction. 
Therefore, /i is an Cg, ^ V 5)-fuzzy Boolean filter of L. □ 

Now, we give the following two important characterizations of Boolean fil- 
terstic q-soft sets. 

Theorem 4.1.10. Let fi be a fuzzy set of L. Then a q-soft set [Fq, A) over L 
with A = (0, 0.5] is a Boolean filteristic soft MTL-algebra over L if and only if 
/i is an (g, G V q) -fuzzy Boolean filter of L. 

The proof is similar to the proof of Theorem 13.91 

Theorem 4.1.11. Let ji be a fuzzy set of L. Then a q-soft set (Fq,A) of L 
with A — (0.5, 1] is a Boolean filteristic soft MTL-algebra over L if and only if 
fj, is an (g, EM q)- fuzzy Boolean filter of L. 

The proof is similar to the proof of Theorem 13.101 

As a consequence of Theorems 3.6, 4.1.5 and 4.1.7 we obtain 

Theorem 4.1.12. For a fuzzy set jj, of L and an E-soft set {F, A) over L with 
A = (a,/3], where < a < (3 < 1, the following conditions are equivalent: 

(i) n is a fuzzy Boolean filter with thresholds (a, /?] of L, 

(ii) {F,A) is a Boolean filteristic soft MTL-algebra over L. 
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4.2 MV-filteristic soft MTL-algebras 

In this subsection, we characterize MV-filteristic soft MTL-algebras by ftizzy 
MV-filters. 

Definition 4.2.1. A soft set {F,A) over L is called an MV-filteristic soft 
MTL-algebra over L if F{x) is an MV-filter of L for all x G A. The empty set 
is treatment as an MV-filter of L. 

Example 4.2.2. Let L = {0, a, b, 1} be a chain with operations defined by the 
following two tables: 
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Then (L, A, V, ©, — >■, 0, 1), where A and V are min and max operations, respec- 
tively, is an MTL-algebra. 

Let {F, A) be a soft set over L, where A = (0, 1] and F : A ^ be a 

set- valued function defined by 

r {0,a,&, 1} if 0<a;<0.4, 
F{x) = I {1} if OA<t< 0.8, 

[ if 0.8 < t < 1. 

Thus, F{x) is an MV-filter of L for all x e A, and so {F,A) is an MV-filteristic 
soft MTL-algebra over L. 

Prom the above definitions, we can get the following: 

Proposition 4.2.3. Every MV-filteristic MTL-algebra is a filteristic MTL- 
algebra, but the converse may not be true. 

Theorem 4.2.4. Let ji be a fuzzy set of L. Then an G-soft set {F,A) over L 
with A = (0, 1] is an MV-filteristic soft MTL-algebra over L if and only if ji is 
a fuzzy MV-filter of L. 

The proof is similar to the proof of Theorem 4.1.4. 

Theorem 4.2.5. For a fuzzy set n of L and a q-soft set {Fq,A) over L with 
A = (0, 1] the following conditions are equivalent: 

(i) ji is a fuzzy MV-filter of L, 

{ii) each non-empty Fq{t) is an MV-filter of L. 

The proof is similar to the proof of Theorem 4.1.5. 



13 



Definition 4.2.6. An (g, £ Vq)-fuzzy filter ^ of L is called an (g, G \/q)-fuzzy 
MV-fiUer of L if 

l^iiiy "5" 2^) ~^ 2:) — )■ y) > min{/i(x — > y), 0.5} 
is satisfied for all x,y G 

Theorem 4.2.7. For a fuzzy set fi of L and an (z-soft set {F, A) over L with 
A — (0, 0.5] the following conditions are equivalent: 

(i) n is an {€, €\/ q)- fuzzy MV- filter of L, 

(ii) [F, A) is an MV-filteristic soft MTL-algebra over L. 

The proof is similar to the proof of Theorem 4.1.7. 

Definition 4.2.8. An (g, G V g)-fuzzy filter of L is called an {£, e V q)- fuzzy 
MV-filter of L if 

max{/i(((j/ — J> x) ^ x) y), 0.5} > min{/i(a; — ?> y)} 

is satisfied for all x,y G L. 

Theorem 4.2.9. For a fuzzy set fj. of L and an Cz-soft set {F,A) over L with 

A = (0.5, 1] the following conditions are equivalent: 
{i) fj, is an (g, G \/q)-fuzzy MV-filter of L, 
{ii) {F^A) is an MV-filteristic soft MTL-algebra over L. 

The proof is similar to the proof of Theorem 4.1.9. 

Theorem 4.2.10. Let fi be a fuzzy set of L. Then a q-soft set {Fq, A) over L 
with A — (0, 0.5] is an MV-filteristic soft soft MTL-algebra if and only if jj, is 
an (g, G \/q)-fuzzy MV-filter of L. 

The proof is similar to the proof of Theorem 3.9. 

Theorem 4.2.11. Let fi be a fuzzy set of L. Then a q-soft set {Fq,A) over 
L with A ~ (0.5, 1] is a filteristic soft MV-algebra over L if and only if fi is an 
(g, G V q) -fuzzy MV-filter of L. 

The proof is similar to the proof of Theorem 3.10. 

As a consequence of Theorems 3.7, 4.2.5 and 4.2.7 we obtain 

Theorem 4.2.12. For a fuzzy set ^ of L and an Cz-soft set (F, A) over L with 
A — (a, (3], where < a < P < I, the following conditions are equivalent: 

(i) /i is a fuzzy MV-filter with thresholds (a,/?] of L, 

(ii) {F, A) is an MV-filteristic soft MTL-algebra over L. 

From Theorems 4.1.6, 4.1.7, 4.1.8, 4.2.6, 4.2.7, 4.2.9 and Theorem 3.20 in [8] 
it follows 



14 



Theorem 4.2.13. Let /i he a fuzzy set of L. If an E-soft set {F,A) over L 
with A = (a, /3] C (0, 1] is a Boolean filteristic soft MTL-algebra, then it also is 
an MV-filteristic soft MTL-algebra, but the converse may not be true. 

4.3 G-filteristic soft MTL-algebras 

Now, we describe filteristic soft MTL-algebras connected with G-filters. 

Definition 4.3.1. A soft set {F,A) over L is called a G-filteristic soft MTL- 
algebra over L if F{x) is a G-filter of L for all x £ A. The empty set is regarded 

as a G-filtcr of L. 

Since G-filter is a filter every G-filteristic MTL-algebra is a filteristic MTL- 
algebra, but the converse is not be true in general. 

Example 4.3.2. Consider on L = [0, 1] two operations © and defined by 
the following tables: 
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Then L(A, V, ©, 0, 1) is a MTL-algebra. 

Let (F, A) be a soft set over L, where A = (0, 1] and F : A ^ ■p(L) be a 
set-valued function defined by 

( {0,a,6,c,d,l} if 0<a;<0.4, 
F{x) = I {l,a} if OA<t< 0.8, 

[ if 0.8 < t < L 

Thus, F{x) is a G-filter of L for all x € A, and so {F,A) is a G-filteristic 
soft MTL-algebra over L. 

In a similar way as Theorem 4.1.4 we can prove 

Theorem 4.3.3. Let ji he a fuzzy set of L. Then an G-soft set {F,A) over L 
with j4 = (0, 1] is a G-filteristic soft MTL-algebra over L if and only if n is a 
fuzzy G-filter of L. 

Theorem 4.3.4. Let fi he a fuzzy set of L. If {Fq,A), where A = (0,1], is a 
q-soft set over L, then fj, is a fuzzy G-filter if and only if each non-empty Fq{t) 

is a G-filter. 

Proof. The proof is similar to the proof of Theorem 4.1.5. □ 
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Definition 4.3.5. An (e, e V(j')-fuzzy filter of L is called an (g, G yq)-fuzzy 
G-filter if 

IJ.{x — >■ y) > min{/u(a; a; — >■ y), 0.5} 

holds for all x, y G i. 

Theorem 4.3.6. Let n be a fuzzy set of L. Then an G-soft set {F,A) over 
L with A = (0, 0.5] is a G-filteristic soft MTL-algebra if and only if ji is an 
(g, G V q) -fuzzy G-filter of L. 

Proof. The proof is similar to the proof of Theorem 4.1.7. □ 

Definition 4.3.7. An (g, G V g)-fuzzy filter of L is called an C^, € \/ q)- fuzzy 
G-filter of L if 

max{/i(a; — ?• y), 0.5} > min{/i(a; a; — > y)} 
holds for all X, y G -L. 

Theorem 4.3.8. For a fuzzy set n of L and an <E-soft set {F,A) over L with 
A = (0.5, 1] the following conditions are equivalent: 

(i) n is an {£,£\/q) -fuzzy G-filter of L, 

(ii) {F, A) is a G-filteristic soft MTL-algebra over L. 

Proof. The proof is analogous to the proof of Theorem 4.1.9. □ 

Also the proofs of the following two theorems are very similar to the proofs 
of Theorems 3.9 and 3.10, respectively. 

Theorem 4.3.9. Let ji be a fuzzy set of L. Then a q-soft set {Fq,A) over 
L with A = (0, 0.5] is a G-filteristic soft MTL-algebra if and only if n is an 
{€,€\/q)- fuzzy G-filter. 

Theorem 4.3.10. Let ji be a fuzzy set of L. Then a q-soft set {Fq^A) over 
L with A = (0.5, 1] is a G-filteristic soft MTL-algebra if and only if fi is an 
(g, G V q) -fuzzy G-filter of L. 

As a consequence of Theorems 3.7, 4.3.4 and 4.3.6 we obtain 

Theorem 4.3.11. For a fuzzy set /i of L and an G-soft set {F,A) over L with 
A = (a,/?], where < a < P < 1, the following conditions are equivalent: 

(i) /i is a fuzzy G-filter with thresholds (a,/3], 

{a) {F,A) is a G-filteristic soft MTL-algebra over L. 

Finally, we give the relationship between the filteristic soft MTL- algebras 
described above. 
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Theorem 4.3.12. Let ji he a fuzzy set of L. If an (L-soft set {F^A) over L 
with A — (q!,/3] C (0, 1] is a Boolean filteristic soft MTL-algehra, then it also is 
a G-filteristic soft MTL-algehra, hut the converse may not he true. 

Proof. It is a consequence of Theorems 4.1.6, 4.1.7, 4.1.8, 4.3.5, 4.3.6, 4.3.8 and 
Theorem 4.5 in pi]. □ 

Theorem 4.3.13. Let fi he a fuzzy set of L. Then an E-soft set {F, A) over L 
with A — (a, /3] C (0, 1] is a Boolean filteristic soft MTL-algehra if and only if it 
is hoth an MV-filteristic soft MTL-algehra and a G-filteristic soft MTL-algehra. 

Proof. It is a consequence of Theorems 4.2.13, 4.3.12 and Theorem 4.5 in pT| . 

□ 

5. Conclusion 

In this paper, we apply fuzzy and soft set theory to MTL-algebras. We 
hope that the research along this direction can be continued, and in fact, some 
results in this paper have already constituted a platform for further discussion 
concerning the future development of soft MTL-algebras and other algebraic 
structure. 

In our future study of MTL-algebras, may be the following topics should be 
considered: 

(1) To describe the soft MTL-algebras based on rough sets; 

(2) To discuss the relations between soft MTL-algebras based on fuzzy sets 
and rough sets; 

(3) To consider the soft implication-based fuzzy filters in MTL-algebras. 

Acknowledgements 

The research is partially supported by the National Natural Science Founda- 
tion of China (60875034); the Natural Science Foundation of Education Commit- 
tee of Hubei Province, China (D20092901; Q20092907; D20082903; B200529001) 
and the Natural Science Foundation of Hubei Province, China (2008CDB341). 

References 

[1] H. Aktas, N. Gagman, Soft sets and soft groups. Inform. Sci., 177 (2007), 2726- 
2735. 

[2] S. K. Bhakat, P. Das, (g, G Vq)-fuzzy subgroup. Fuzzy Sets Syst., 80 (1996), 
359-368. 

[3] F. Esteva, L. Godo, Monoidal t-norm based logic: towards a logic for left- 
continuous, t- norms. Fuzzy Sets Syst., 124 (2001), 271-288. 

[4] P. Flondor, G. Georgescu, A. lorgulescu, Pseudo-t-norms and pseudo-Bl algebras. 
Soft Gomputing, 5 (2001), 355-371. 



17 



[5] P. Hajek, Metamathematics of Fuzzy Logic, Kluwer Academic Press, Dordrecht, 
1998. 

[6] Y.B. Jun, Soft BCK/BCI-algcbras, Comput. Math. Appl. 56 (2008), 1408-1413. 

[7] Y.B. Jun, C.H. Park, Applications of soft sets in ideal theory of BCK/BCI- 
algebras, Inform. Sci., 178 (2008), 2466-2475. 

[8] Y.B. Jun, Y. Xu, X.H. Zhang, Fuzzy filters of MTL-algebras, Inform. Sci., 175 
(2005), 120-138. 

[9] K.H. Kim, Q. Zhang, Y.B. Jun, On fuzzy filters of MTL-algebras, J. Fuzzy Math., 

10 (2002), 981-989. 

[10] X. Ma, J. Zhan, A note on "Generalized fuzzy filters of MTL-algebras", J. 
Multiple- Valued Logic and Soft Computing, 15 (2009), 1-4. 

[11] X. Ma, J. Zhan, D. Xiang, Some types of generalized fuzzy filters of MTL-algebras, 
J. Intelligent and Fuzzy Systems, 20 (2009), in print. 

[12] X. Ma, J. Zhan, Y. Xu, Generalized fuzzy filters of MTL-algebras, J. Multiple- 
Valued Logic and Soft Computing, 14 (2008), 119-128. 

[13] P. K. Maji, R. Biswas, A. R. Roy, Soft set theory, Comput. Math. Appl., 45 
(2003), 555-562. 

[14] P. K. Maji, A. R. Roy and R. Biswas, An application of soft sets in a decision 
making problem, Comput. Math. Appl., 44 (2002), 1077-1083. 

[15] D. Molodtsov, Soft set theory - First results, Comput. Math. Appl., 37 (1999), 
19-31. 

[16] P. M. Pu, Y. M. Liu, Fuzzy topology I, Neighborhood structure of a fuzzy point 
and Moorc-Smith convergence, J. Math. Anal. Appl., 76 (1980), 571-599. 

[17] E. Turunen, Boolean deductive systems of MTL-algebras, Arch. Math. Logic, 40 
(2001), 467-473. 

[18] L.A. Zadch, From circuit theory to system theory, Proc. Inst. Radio Eng., 50 

(1962), 856-865. 

[19] L.A. Zadeh, Toward a generalized theory of uncertainty (GTU)-an outine. Inform. 
Sci., 172 (2005), 1-40. 

[20] X.H. Zhang, K.Y. Qin, W.A. Dudck, Ultra LJ-idcals in lattice implication alge- 
bras and MTL-algebras, Czechoslovak Math. J., 57(132) (2007), 591-605. 

[21] X.H. Zhang, Y.Q. Wang, Y.L. Liu, Fuzzy ultra filters and fuzzy G-filters of MTL- 
algebras, in: L.Wang and Y.Jin(Eds.): FSKD, LNAI 3613 (2005) 160-166. 



18 



